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Bounded Integer Matrices Beta Distribution

The set of n x n matrices with integer coefficients ranging from —p to p Interesting properties of classes of random matrices appear ool

contains p’" elements. The eigenvalues of these matrices remain bounded when the eigenvalues are computed for matrices where the

within a circle in the complex plane of radius pn. When these eigenval- entries follow a shifted and scaled Beta distribution (figure 1). 000

ues are plotted on the complex plane, some interesting structure arises. Figures 2 and 3 show plots on the complex plane of the eigen- o

. . . . . lues for 1 les of ' ith entries follows
Figure 1 shows a plot of a sample for 5 X 5 matrices with coefficients in Vé ués (.)r arge samples ol matrices with entries following a 0.06 -
(~1,0.1} distribution 2X; ; — 1 for X; ; ~ Beta(at = 0.01, 3 = 0.01) for
B 3 x 3 and 4 x 4 matrices respectively. 003l

‘Regions containing no eigenvalues except for at the center appear, we .. o

REE . S S . _ P . . PP The nodes visible on the plots (most visible in figure 3) are the

call these eigenvalue exclusion regions. The exclusion regions are clearly . . . 0 A N A A (RN NN A S S
S set of eigenvalues of matrices whose entries are 1 or —1. The 4 08 06 -04 02 0 02 04 06 08 1

X

~visible in figure 1. They are largest around integers along the real axis. curves connecting these nodes are algebraic curves arising

Figure 4: Probability distribution function for a random variable X where
X =2Y—1andY ~ Beta(ax =0.01,8 = 0.01). That is, X is a shifted and

| scaled Beta random variable where the probability of being near 1 or —1 is
exclusion region centered at the origin (figure 2). As a starting point we varies from —1 to 1. high and the probability of being near zero is small.

- We are working on determining a bound for the size of the exclusion from the roots of the characteristic polynomial of a matrix

‘regions. Specifically, we are looking for a bound on the size of the whose entries are —1, 1 with the exception of one entries that

are interested in the size of the exclusion region on the real axis. We are o , ,
The coloring in figure 2 shows the average eigenvalue condi-

looking at the correlation between the coefficients of the linear portion tion number for the data computed. Clearly as eigenvalues

-Qf the characteristic polynomials to determine a bound. For the bound in approach the real axis (especially near the origin) the condi-

the complex plane we are looking into the coefficients of the quadratic tion number increases (as is shown in pink).

portion of the characteristic polynomials.
The coloring 1n figure 3 shows the density at each point

White indicates the highest density, typically at the nodes.
and blue 1s the lowest density.

Figure 2: The plot from fig-
ure 1 viewed on —0.5—0.5i
to 0.5+ 0.5i. The eigenvalues
along the real axis are visible

and a a clear gap can be seen

between the smallest real eigen-

values and the origin. Other

points close to the origin are

Figure 1: Plot on the complex plane of the éigenValues- from a sample of 3 x 10° matrices from the set of 5 x 5 matrices ) , 6 , ,
Figure 5: Eigenvalues of 6 x 10° randomly sampled 3 x 3 matrices with

entries 2X; ; — 1 for X; ; ~ Beta(a = 0.01, = 0.01), X; ; i.i.d. The plot is
on the complex plane viewed from —2.5 — 2.5i to 2.5+ 2.5i]. Coloring

with entries in {—1,0, 1}. This class of matrices contains a total of 35" ~ 8.5 x 10!! elements. The plot 1s viewed from

—3.3—3.3i to 3.3+ 3.3i. Symmetry across the real and imaginary axes is used to give an effective 6 x 10!? points.

Coloring is based on the density at each point where the highest density points are purple and the lowest density 1s yellow.

is based on the log of the average eigenvalue condition number where the

minimum is 1 (colored red) and the maximum is 1.27 x 10* (colored pink).
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Figure 3: Distribution of the real eigenvalues from figure 1 on a logarithmic scale. density or average condition number 1s plotted on a heat map with the appropriate colormap applied.




